
WEEK12 :

Motivations : What perfectoid theory achieved :

Cohomology/Hodge ....

)

X/Xp Smooth projective ,
T= Speckp .

X is a family overJ with 2 variables
·

How does Hit(XE , lFp) change ?
Example : X elliptic curve

,

supersing .

H(XiFp)= Hig(X , #p) = #p but HelXpipl = Sep Ordinary .

T

geneic Fiber

Theorem : [Bhatt-Mossow(? ) - Scroze] HlXh , Fp) H
*X , + .

Vanishings
charo : HilX

, Wx2l = 0 Viso *charp : HilX ,2) HiLY, fx2)
Sin . proje ample Proj big sample

O
for indimX .

Theorem : [Bhatt]"works" in mixed char I kills p-torsion (

Direct summed Conj.
A C B, B finite A-module=> i splits as an A-module hom.

regular In Char
. O it is automatic , in Charp ~ Kunz's thm.

Theorem [Ande] This holds.

Weight monodromy corj . (mixed char. version of weil conjl
Weil conj: eigenvales of Frobenius on Hi(XF , Qe) are alg. numbers of

i12 9
absolute value 9

Theorem:[Scholze) weight monodromy conjecture is the

Proposition: (A ,At complete affinoid ,
GEA is invertible < lal+ O VIESpaIA ,At) .

We prove a stronger version :

Theorem : (A ,At as above
,
T& A and J =T. A

,
TFAE

1
.
J =A 2. VIoltSpalA , At 5 teT : ItItO

(c for T finite then SRITIt)/tET) open covert
Proof : 1 .

2
. 1 = [finiteCiti GitA tieT

1. 111 = 1[aitilmaxlail . Itilto = Ji w/Itilto .

2. 1
. Suppose JA = 711 maximal ideal such that

JEM12A
Lemma : If A is a complete f-adic ring
(2) At is open (ii) MIA max . ideal closed

.

X

Prof : (i) = Zia : if a t
0

= 1 + 100
open
AY

Thus for at AY all+ A% E open A & at 9 . (1 + A00)
S

->closure
(ii) th t -A by (i) En MAX = & = tr= en

Homework 17: (A,A+ affinoid
,
JEA ideal

then Spa(A/y , (A/y)
+His closureSpalA,At Supp(J)

In particular is (A/y ,
(A/j)t) is affinoid ?

Enough to show that 5101ESpalA ,At) st M < Suppl :I

iSpalt/m ,
(A/mIt) +%. We know that OEA/ is closed

= 0 Alm Hausdorff.



Proposition : (A , At) affinoid ,
TFAE

(i) SpalA ,At=P (ii) ContIAl= (iii) Ton = A

Proof : Lil (ii) is just density of SpalA , At ContIA)

(iii) (ii) 10 = Cont(A) : Suppl . 1
= SatAllal = 03 is closed in At Supplol= A which is a

Contradiction= Cont(A) = 0
.

(ii) => (iii) [01 = 1n0 I " where Lo,Il is a couple of def.

if IV = Int for all also then 201 is also open - Alon is discrete and every valuation is cont
ContLAl = 0

-

=> 302 = A
.

Claim : PE9EAo pime ideals if IE9 lep .

(this holds under the assumption (ii))

By Claim : S = 1 +I
,
B =Sto

, 4 : Ao & B
,

M & B max .
ideal

,
if I &m E

B2B/ So I has a preimage in I. B of the form - then 1-an maps to 0

I
.
BH Bim but its investible this IEM.

1 +al 1+al

=> U(F1[JacIB) mcll
.
B milpotent

Ull .B fin.gen. Jael : (2+allv= o=

=> In = In+!

Proof of the Claim : Suppose I & P . (Ao/pla -Frac(#0/p) => valuation 10 on Ao

Such that Suppl=p & SatAo( lak <11 =g = 10 is analytic lie Supplol not open) .

Questions :② Is 1 : 1 continuous ② can it be extended to A ?

Lemma : BEA open subring of a topological ring.Then the map induced by restriction

Cont(Alan to Cont(Blan is surjective.
This answersO .

We are left to show that 1.1 can be deformed to a continuous valuation

keeping it analytic. CM if IIICTEDProblem
, if III cr= 0· Define CM(ll = S

where 8 = max31117 /XCMIEn>o : S4384873 if IFICT=

Why is 1.CMII continuous if IIIM CT= 0
. Enough to Show that SaeAo) 191 < 823 is open

for everyn .
This is because 8 generates (NI) as a convex subgroup of N

.
But

In+ SazAollakSn3.


